JOURNAL OF COMPUTATIONAL PHYSICS 95, 59-84 (1991)

How to Preserve the Mass Fractions Positivity when
Computing Compressible Multi-component Flows
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We are interested in the numerical investigation of the compressible flow of a gaseous
mixture. Considering a hyperbolic system including the Euler equations for the mixture and
a mass conservation equation for each species, we propose a new approximation scheme for
the convective term of the species equations. This approximation relies on some properties of
the exact solution of the Riemann problem for the multi-component system, and applies when
an upwind Godunov-type scheme is used for the Euler equations. Its main interest lies in the
fact that it preserves the positivity and monotonicity of the mass fractions of all species.
© 1991 Academic Press, Inc.

1. INTRODUCTION

The numerical simulation of flows of gaseous mixtures, and in particular of
chemically reactive flows, has received increasing attention in the last years and is
still the subject of numerous investigations. For some of these flows, such as
transonic reactive flows (see, e.g., [7]), hypersonic flows (see, e.g., [4,9]), or
detonations (see, e.g., [19]), the hyperbolic aspects of the phenomenon play a
major role. This is the origin of our interest in the following system of the “multi-
component Euler equations,” which contains the classical Euler equations written
for the mixture and an additional “species equation™:

p.+(pu), =0,
(pu), + (pu’ + p), =0,
E +[uw(E+p)].=0,
(pY),+ (puY),=0

(1.1)

(see the definition of the notations below).

We are interested in the numerical solution of (1.1) using upwind difference
schemes. Essentially two different strategies have been used in previous studies for
this problem. Either one uses for the first three equations in (1.1) one of the
numerous available schemes aimed at solving the Euler equations and one solves
separately the species equation; or one considers the whole system (1.1) as a system
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of conservation laws and solves all equations in a coupled way by extending to
(1.1) one of the above-mentioned “Euler schemes.” Some details about these two
existing approaches are presented in Section 2 below.

Our aim is to present a third approach for the solution of (1.1). This new
approach is based on one property of the exact solution of the Riemann problem
for (1.1), which is derived in Section 3. Besides its major computational simplicity,
the proposed method has over the two existing approaches the advantage of
preserving the maximum principle (and in particular the positivity) for the mass
fractions of all species.

Let us now describe more precisely the setting of our work. We are interested in
the description of the multi-dimensional flow of a compressible gaseous mixture of
N species. But, for the sake of simplicity, we will consider in a first step the one-
dimensional flow of a mixture of two gaseous species & and %. In the absence of
diffusive and reactive phenomena, this flow is described by system (1.1), where p is
the density of the mixture, u is its velocity, p its pressure, E the total energy per unit
volume of the mixture, and Y is the mass fraction of species 4. If one assumes that
both species behave as perfect gases, then the pressure in (1.1) is given by the
relation (see [22])

p=(y—1)(E—3pu’), (12)

where y is the ratio of the specific heats of the mixture, given by

_ YCpup+(1-Y)Cpry,s

, (1.3)
YC, +(1—Y)C,,

(the subscripts 1 and 2 in this expression refer to species ¥ and %, respectively).
As already said, the first three equations in (1.1) with (1.2) together form the classi-
cal Euler equations, written here for the mixture of both species. Note however
that, if y, #7,, the coefficient y in (1.2) actually depends on Y, whereas it is con-
stant in the classical (i.c., single-component) Euler equations. The fourth equation
in (1.1) will be referred to as the species equation.

Remark 1. Using the first and fourth equation in (1.1), one can rewrite the
species equation in nonconservative form as Y,+uY =0, which shows that the
variable Y is purely convected by the flow. The latter nonconservative equation is
the basis of the donor-cell approximation (2.1) below.

Remark 2. In fact the results presented in this paper apply to more general
situations. We could equally well consider a mixture of N perfect gases: the last
equation in (1.1) would then be replaced by N — 1 equations (pY,), + (puY,),=0
for 1 <k<N-—1 (see Remarks 10, 13, and 17 below). We could also consider the
case where the last equation in (1.1) describes the convection of different quantities
which may or may not affect the value of y (the variable Y could, for instance,
represent a passive scalar, or the variables k& and ¢ in the classical k —¢ turbulence
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model [27]). Also, the numerical methods presented in this paper can be extended
to compute the flow of a real gas mixture (see [9] for more details in this
direction).

Let us now introduce the notations:

p w! pu F!
pu w2 put+p F?

W= = F: - . 1.4
E we | wWE+p) | | F3 (14)
pY wH puY F*

For the numerical solution of (1.1) (which can be written as W,+ F,=0 in
vector form), we will first consider explicit conservative schemes of the form

n+ 1 n n n
Wi _Wi+¢i+12_¢i412=

0, 1.5
At Ax (15)

where the numerical flux ¢7, ,, is evaluated using a “numerical flux function” @
which defines the scheme under consideration:

¢ = DWW, ) (1.6)

The notations in (1.5) are classical: 4¢ and Ax represent the discretization steps in
time and space, respectively, and / and n are the spatial and temporal subscripts.
We will sometimes write

1,n

i+ 172
2,n

i+1/2 1. (16)

i 125 43 >
i+1/2
4,n
i+1/2
here, the superscript n denotes the time level, while the superscripts 1, 2, 3, 4 denote
the different components of the numerical flux. When no confusion is possible, we
will write ¢, ;,, instead of ¢}, | , for the sake of simplicity.

The remainder of the paper is organized as follows. We recall some facts about
the two existing numerical approaches in Section 2. The new positivity-preserving
approximation of the species equation is then presented in Section 3, and some
extensions are discussed in Section 4. Lastly, Section 5 is devoted to the presenta-
tion and comparison of some numerical results.

2. Two EXISTING APPROACHES

We begin by presenting in this section two existing approaches for the numerical
solution of (1.1), and by discussing their advantages and drawbacks. We will then
propose a third new approach in Section 3.
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2.1. The Uncoupled Approach

A first and simple approach to the numerical solution of (1.1) has been used in,
e.g., [17]. It consists in treating separately at each time step the Euler equations
and the species equation in (1.1). For Euler equations, one uses one of the classical
(single-component) “Euler schemes” {(such as the approximate Riemann solver of
Osher [261, or of Roe [28], or the flux vector splitting of Van Leer [32]), with a
“frozen y.” This means that, for the evaluation of the first three components of
@1, at time ", one uses the flux of one of the above Euler schemes computed
using a frozen value 7, ,,=7((Y7+ Y7, )/2). Beside this, one uses an upwind
approximation of the donor-cell type for the species equation; defining v/, ,,=
3(u? +uj, ), one evaluates the fourth component ¢, ,, of ¢, ,, by

Y)” if w' . .>0,
PR el A S (1)
PV, 0wl <0

i+1

¢?+ 12=U
In the sequel, this uncoupled approximation will be referred to as “approach (A).”

2.2. The Fully Coupled Approach

A second type of approximation for system (1.1) has been used in [1, 2, 4, 11,
16], and is discussed in detail in [22]. It consists in seeing (1.1) as a whole, and
in extending to this bigger system of conservation laws the upwind schemes (of
Osher, Roe, Van Leer) which have been developed for the single-component case.
This approach, where the Euler equations and the species equation are not
separated, will be referred to in the sequel as “approach (B).”

Referring to [22] for the details, we just recall here the basic facts about system
(1.1). The components of the flux vector F can be expressed as functions of the con-
servative variables W’ (1 </<4), and the system W,+ F(W), =0 is hyperbolic; the
Jacobian matrix A(W)=(6F'/0W™) has four real eigenvalues 4, =u—c, A,=u,
Ay=u, and A,=u+c, where ¢c=./yp/p is the sound speed, and four real eigen-
vectors.

It is then possible to extend to (1.1) the classical upwind schemes developed for
the Euler equations. We now briefly describe these extended schemes, referring to
[227 and the references therein for more details.

2.2.1. The Multi-component Van Leer Scheme

The extension of the continuously differentiable flux splitting of Van Leer [32] to
multi-component flows was first derived in [22]. As in the single-component case,
the numerical flux function has the form:

OW,L, We)=F (W, )+F_(Wg); (22)
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the split fluxes F, and F_ are defined by the identity F(W)=F_ (W)+ F_(W) and
the following expressions:

+ i uzc=\/yplp, F,(W)=F(W)

*x if —c<u<e,

P 2
4C(u+c)
F Fl (u*u—2c>
Foom=|Tr )= ’ (23)
+ F} yz (F2+)2 :
F 2(y2—1) FL
YF',

(the first three components of F, have the same expression as in the single~compo-
nent case, but with the nonconstant coefficient y given by (1.3));

« ifu< —c, F, (W)=0.

The following result, which says that this flux splitting can be used to define a
stable conservative scheme, is proved in [22]:

PROPOSITION 1. If the specific heat ratio vy, of each species in the mixture satisfies
the inequality 1 <y, <3, then all eigenvalues of the Jacobian matrix DF . /DW (resp.
DF _/DW) are real and positive (resp. negative).

2.2.2. The Multi-component Roe Scheme

The extension to mixtures of the conservative upwind scheme based on the
approximate Riemann solver of Roe [28] has been derived in [1,11]. The
numerical flux function of the extended Roe scheme has the same expression as
in the single-component case,

W)+ F(Wg)

1 ~
7 +5 AW L= W), (24)

¢( WLa WR)=

where 4 =A(W,, W;) is a diagonalisable matrix which satisfies the property:
F(WL)_F(WR):/Z(WL“WR)- (2.5)

When y is constant, that is, when y, =7, in (1.3), then the matrix A(W,, W) is
equal to the Jacobian matrix 4(W), where the state W is “Roe’s average” of W,
and Wy,. When y, #7,, the matrix A(W) does no longer satisfy (2.5), and the
matrix 4 has to be chosen close to but different from A(W) (see [1, 11, 22] for the
details).

581/95/1-5
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2.2.3. The Multi-component Osher Scheme

The multi-component Osher scheme has been derived in [2]. As in the single-
component case, the numerical flux function of the extended Osher scheme has the
expression

“law) aw, (2.6)

Wy

W
_— WR)zF(WL);F(WR)+J
where the integration is carried out along a path connecting W, to Wy in the state-
space. The integration path is piecewise parallel to the right eigenvectors of the flux
Jacobian matrix A, and the evaluation of the integral in (2.6) requires the
knowledge of the Riemann invariants associated with each eigenvector. As in the
single-component case, the evaluation of this integral relies on the determination of
the pressure on the middie part of this integration path (see [2] for the details).

2.3. Discussion

The main advantage of approach (A) is its simplicity: even in two or three space
dimensions, following this approach to transform a single-component Euler code
into a multi-component code requires a very small programming and computa-
tional effort. This approach also has the advantage of preserving the positivity of
the mass fraction Y (the proof of this fact is similar to the one of Lemma 3 below).
But this approach also has important drawbacks, which will be discussed in more
detail below.

Compared to approach (A), all schemes of type (B), except the extended
Van Leer scheme, are substantially more expensive from the computational point of
view. This is especially true for the extended Roe or Steger and Warming schemes:
4 x 4 Jacobian matrices have to be handled (that is, N+ 2 x N+ 2 matrices if one
considers a mixture of N species), while only 3 x 3 matrices are involved in the
corresponding schemes of type (A). Nevertheless, approach (B), which is more
satisfactory from a theoretical point of view, actually gives better results than
approach (A): the accuracy of the results is greatly improved (see Section 5 below).

However, we need to make precise here that the “discrete maximum principle”
for the mass fraction does not hold with any of the two approaches (that is, the
inequalities 0 < Y <1 are not preserved by these schemes), except for the multi-
component Van Leer scheme (see Remark 9 below). But in practice, the mass frac-
tion values obtained with approach (B) remain much closer to the interval [0, 1]
than those obtained with approach (A) (see Section 5 and [6]).

Intuitively, one can feel the origin of the inaccuracy of the computed mass
fraction values in approach (A) where the mass fraction Y is evaluated as the ratio
of two conservative variables,

_or, (2.11)

o

)
3%
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in approach (A), these two variables W' and W* are advanced in time using two
different approximations (more precisely, two different upwinding techniques). On
the opposite, a singie global and coupled approach is used for ail conservative
variables W' in the schemes of type (B).

This remark leads us to propose a third approach, which we present in the next
section.

3. A THIRD APPROACH

In this section, we propose a third approach in order to improve the multi-
component Roe and Osher schemes which do not preserve the maximum principle
for the mass fraction.

Let us first recall that, in the so-called “Godunov-type” schemes based on
approximate Riemann solvers (see [18]), the numerical flux ¢}, ,, 1s seen as an
approximation of the flux of the exact solution of the Riemann problem constructed
with the neighbouring states W’ and W7, _,. This is why we now examine the
Riemann problem for system (1.1), before we present the new approach (C).

3.1. The Multi-component Riemann Problem

Two states W, and W, being given, we consider the Riemann problem:

W,+ F(W),=0 for xeR, t=0,

W(x,O)={WL %f x <0, (3.1)
W g if x>0.

This problem is solved in [1, 2, 227]. Its exact solution W#(x, 1) is presented on
Fig. 1. It is of course self-similar (i.e., W#(x, ¢) only depends on the ratio x/t), and
consists, as in the single-component case, of four constant states W), W,,, W,
W4, separated by shocks, rarefaction waves, or a contact discontinuity. More
precisely, as shown on Fig. 1, W, =W, and W, are separated by a wave
associated with the first characteristic field, that is, with the eigenvalue A, =u—c,
either a 1-shock or a 1-rarefaction wave; W ,) and W ,, are separated by a contact
discontinuity (associated with the eigenvalue u); W5, and W ,, = W are separated
by a 4-wave, associated with 1, =u + c. Also, the pressure p and the velocity u are
continuous across the contact discontinuity. Last but not least, the mass fraction Y
remains constant across the !-wave and the 4-wave (whatever these waves are,
shocks or rarefactions) and only varies across the contact discontinuity.

For e R and 1 >0, we will denote # (o, W,, W) (or sometimes simply # (c))
the value of W#(at, t), which is independent of #; and we will call u*(W,, W) (or
simply u*) the speed of the contact discontinuity.

As we could expect, it appears from Fig. 1 that the maximum principle for the
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t
N . contact

discontinuity

FiG. 1. The solution of the multi-component Riemann problem (3.1).

mass fraction is preserved for the exact solution of the Riemann problem: for
any o, we have min(Y,, Y )< Y(# (o)) <max(Y,, Yz). As a consequence, any
numerical method where the evaluation of the numerical flux ¢,,,,, is evaluated
using an exact Riemann solver (as in the original Godunov method [15], where
@7, 1 =FLW(0; W7, W2, )]) will also satisfy the maximum principle for the mass
fraction.

But, as we have said above, such is not the case for the numerical schemes based
on the multi-component approximate Riemann solvers of Roe and Osher. This is
exactly the essential point of this paper: we state in the next lemma the basic
property that the exact solution of the Riemann problem satisfies, and that the
approximate multi-component Riemann solvers should also satisfy in order to
preserve the maximum principle. This property is the following:

LEMMA 1. For any states W, and Wy, the following equality holds:

Y, if F'[#(0)]>0,

Ye if F'[#(0)]<0. (32)

FIW(0)] = F'[#(0)] x {

The proof begins with another lemma:

LEMMA 2. For any states W, and W, the quantities F'(# (0; W,, Wg)) and
u*(W,, W) have the same sign.

Proof of Lemma 2. 1t consists in considering the structure of the exact solution
W? of the Riemann problem and in using the classical properties of the rarefaction
and shock waves. Let us assume, without loss of generality, that u* >0; we are
going to show that F'(#°(0))>0.
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FiG. 2. The three different configurations for the 1-rarefaction.

(a) Consider first the situation where the l-wave is a rarefaction wave,
located in the region o, < x/f <0,, with o, <u*. Since this wave is associated with
the first eigenvalue 4, =u— ¢, we have (see [23])

u(# (o)) —c(#(a))=oa, Voel[o,0,] (3.3)

We then have to consider three different cases (see Fig. 2):
(i) If o,<0, then #°(0)= W ,,, u(#(0)) =u*>0; whence F'(#°(0))>0.

(ii)) If o,<0<0,, applying (3.3) for 0 =0, we see that w(#°(0))>0;
whence F!(%(0))> 0.

(iii) If o,>0, then #(0)=#(c,)=W,, and (3.3) yields wu(W,)—
o(W,}) = 0, > 0; whence w(#(0)) = w(W,) > 0, and again
FY(#(0))>0.

(b) Consider now the situation where the Il-wave is a shock wave
propagating with the speed o, <u*. We again consider three different cases (see
Fig. 3):

(i) If g, <0, then u(#°(0)) =u(W,))=u*>0, and F'(%(0)) > 0.
(i) If ¢, =0, the Rankine-Hugoniot relations for the steady 1-shock imply

(see [23])
pu(WL)=pu(W(2,)=p(W(2))u*>0, (34)
and F'(#7(0)) is well defined and positive since F{(W,)=
FY(W ) >0.
g, =0
TG )
——— e ‘,‘,_,,._—-_\_._.> ___________ e ) —_————————— i~ )

FiG. 3. The three different configurations for the 1-shock.
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(iii) If ¢,>0, then #°(0)= W ,, and the Lax conditions for the 1-shock
imply (see [23]):

u(Wy)—c(W,)>0a,>0. (3.5)
This yields u(W,) >0, whence F!'(#°(0))>0. ||

Proof of Lemma 1. For any o€ R, we have from Fig. 1,

Y, if o<u*,
Y(w = .
(#(0)) {YR if o>u* (36)
Using the definitions of F' = pu and F* = puY, we can write
Y if u*>0
* =F! g ’ 3.7
FIVON=FOrolx{;t 7o @)

and (3.2) follows from Lemma 2. |

Remark 3. Tt can be noticed that (3.2) and (3.7) remain valid if F!(#7(0))=0
or if u* =0, since we then have F*(%(0))= F'(#°(0)) =0 (we recall that, by defini-
tion of the contact discontinuity, u* is also the velocity of the two states separated
by this discontinuity: wu(W,)) = u(W ) = u*).

Remark 4. We have assumed in the proof of Lemma 1 that a contact discon-
tinuity actually exists in the structure of the exact solution W#. If this is not case,
then Y(x, t) is necessarily constant, Y(x, )= Y, = Y, and (3.2) holds again.

3.2. The Approximate Multi-component Riemann Flux

We can now present the third approach (C), which is based on property (3.2).

Keeping in mind that, in the “Godunov-type” schemes, the numerical flux ¢7, | ,
approximates the flux F[#°(0; W7, W7, )], we can define a third approach (C) as
follows for the Roe and Osher schemes: The first three components ¢;, 1,5, ¢7, 1.
¢7. 1, of the flux are evaluated as in approach (B), but the fourth component of the

flux is defined by the next relation, which mimics (3.2):

. 1
4 g1 Y if ¢,,,,>0,
P12 =0is12% y”

3.8
i+1 if ¢?+1/2<0- (%)

Therefore, this approach (C) defines modified multi-component approximate
Riemann solvers, which satisfy the property (3.2) of the exact Riemann solver. In
comparison with approach (B), only the species mass fluxes are modified, so that
approach (C) uses the same discrete mass fluxes for the species equation and for the
continuity equation.

Since the approximations used for the variables W' and W* are now well
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coupled, we may expect better result for the mass fraction Y= W*/W'. This is the
object of the next lemma and of the foilowing remarks:

LEMMA 3. Under the CFL-like condition,

At max(¢,!+12,0)_min(¢il12’0):|<1 Vi (3.9)
Ax Py Py h ,

the schemes of type (C) preserve the maximum principle for the mass fraction Y: for
all iand n=0,

min Y9 < Y7 <max Y. (3.10)
j J

Proof. Setting A= At/4x, we have

P?H =P?—i(¢}+1/2_¢37 1/2), (3.11)
p?+lY:'+1=P?Y?~}~(¢?+1/2_¢?— 1/2)' (3.12)

Let us temporarily assume that ¢!, ,,>0, ¢!_,,>0. Then, (3.8), (3.11), and
(3.12) imply

Y?(p;'—l¢;+12)+ Y;l—l(i(t;—lz). (313)
(o} — /1¢}+ 1/2) + (MS}V 1/2) ’

if (3.9) holds, (3.13) shows that Y?*' is a convex linear combination of Y7 and
Y7o

It is easy to check that the same conclusion also holds with different hypotheses
on the signs of ¢}, ,, and ¢;_, ,, which concludes the proof. |

n+1 _
Y=

Remark 5. It is implicitly assumed in the above proof that p?*' does not
vanish. Therefore, rigorously speaking, the property (3.10) only holds if the “Euler
scheme” used to evaluate ¢', ¢%, ¢* preserves the positivity of the density (this is,
of course, the least one may ask to this “Euler scheme™!).

Remark 6. One may think at first glance that the preceding proof does not use
any property of the approximate mass flux ¢'. This is not really the case. Indeed,
it is easy to see that the CFL-like condition (3.9) which ensures the discrete maxi-
mum principle for the mass fraction may well be impossible to fulfill in practice if
one uses a centered approximation ¢, n= i[(pu); + (pu);, ] (take, for instance,
u;=4>0 for all j, p?=¢>0, p7 ,=1: (39) then imposes that @ At/Ax<
2¢/(1 +¢)!). On the other hand, several numerical experiments have shown that the
condition (3.9) is not more restrictive than the usual CFL condition when an
upwind scheme is used to evaluate the first three components of ¢, ,,, (see [6]).

Remark 1. The proof of Lemma 3 shows that the definition (3.8) of ¢}, ,,, is
exactly what is needed in order to ensure the maximum principle for the mass
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fraction. We repeat that schemes of type (A) or (B) do not in general satisfy (3.10)
(see, however, Remark 9 below).

Remark 8. Arguing as in the proof of Lemma 3, one can show that the schemes
of type (C) preserve the monotonicity of the mass fractions: if Y}’S Y7, for all j,
then Y7 < Y7, for all j and n>0. More generally, these schemes are TVD (total
variation diminishing) for the mass fraction ¥.

Remark 9. In principle, method (C) can be used in conjunction with any con-
servative Euler scheme: one can use any of the classical schemes for the Euler equa-
tions, and then discretize the species equation using (3.8). But, from the very origin
of (3.8), approach (C) is designed for schemes based on approximate Riemann
solvers. In particular, there is no interest in using approach (C) with the Van Leer
scheme. Indeed, we have seen that the multi-component Van Leer scheme gives the
following expressions for the first and fourth components of the numerical flux:

Gl =F L (WH+F (W, ), (3.14)
¢?+1/2= YiFL(W?)‘{“ Yi+1F17(W7+1)' (3.15)

Thus, the Van Leer scheme of type (B) already uses the same discrete mass fluxes
F ‘i for the continuity equation and the species equation, as the Roe and Osher
schemes of type (C). Moreover, since F', (W)>0 and F' (W)<O0 for any W, it is
easy to see that the proof of Lemma 3 applies: the Van Leer scheme of type (B) also
preserves the maximum principle for the mass fraction.

Remark 10. Consider the flow of a mixture of N species, with N=2. Then,
taking W= (p, pu, E, pY,, .., pYn..1), one will preserve the inequalities 0< Y, < 1
for 1 <k < N-—1if approach (C) is used for the N — 1 species equations. Moreover,
it is easy to see that the last mass fraction Y, evaluated as (Y,)7=1—3 Y " (Y,)"
will also remain in the interval {0, 17.

Remark 11. Consider now the case where a diffusive term and a consumption
source term appear in the right-hand side of the species equations, which then has
the form

(pY),+(pYu),=pY . — Kp¥, (3.16)

(with K>0), and assume that a fully explicit scheme is used to discretize this
equation (see Remark 18 below for an implicit treatment of (3.16)):
(PY);HI_(/’Y)?_I_ ?+12‘¢?—12=# Yi, -2Y7+ Y7,
At Ax Ax?

—Kp"Y". (3.17)

It is then easy to see that the maximum principle for the mass fraction is again
preserved under the following stability restriction on the time step

g[max(rﬁ}m,m min(¢! 2, 0)], 2 wdr
Ax o’ p} p; Ax?

+KAt<1l Vi, (3.18)
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if the convective term is approximated using approach (C). This maximum
principle now takes the form

if min Y?>0, then 0<Y;<max Y} ViVn (3.19)
j j

4. EXTENSIONS

Before discussing in detail the advantages and drawbacks of approach (C) and
comparing it to approaches (A) and (B) in Section 5, we now present how these
types of schemes can be extended to second-order accuracy, to implicit time-
stepping, or to multi-dimensional flows while keeping the basic property (3.10).

4.1. Second-Order Accuracy

Let us therefore consider second-order extensions of the preceding schemes. More
precisely, we will first consider schemes which are second-order accurate in space
but remain first-order accurate in time. Starting from the previous first-order
accurate schemes, the second-order spatial accuracy is obtained by using piecewise
linear variables instead of piecewise constant variables, following the “MUSCL”
approach of Van Leer [31]. This method involves three steps:

(a) At each time step, starting from the values W7, one first evaluates slopes
s} for all variables which are chosen to be piecewise linear. Several choices are
possible at this stage (for instance, one can choose either the conservative variables
o, pu, E, pY or the “physical variables” p, u, p, ¥ to vary linearly in each computa-
tional cell); here, we take Y (and not pY) as a piecewise linear variable.

(b) Slope limiters are then used in order to avoid the creation of new
extrema; here again different strategies exist to evaluate the limited slopes. We
assume here that the slopes are constrained such that, taking the variable Y as an

example, we have

1 n n Ax n n
min Y'Y/ t—-s7< max Y. (4.1)
L—-i<1 -t

(c) The limited slopes are then used to evaluate cell-interface values W7, ,, .

(one sets Y7, ,, = Y7+ (4x/2)s}, Y] _,, , = Y] —(4x/2)s}), and the solution is
advanced in time according to relation (1.5), where we now take

¢i+1/2= &( W?+ 12, W:'1+ 1/z,+)- (4.2)

This construction (a)-(c) can therefore be applied to any of the schemes presented
in the preceding sections; in particular, we can construct a limited second-order
accurate scheme of type (C) if in (4.2) we use a numerical flux function of type (C),
that is with the fourth component ¢* of the flux evaluated using (3.8). Then, we
have the following:
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LeMMA 4. Under the more restrictive CFL-like condition,

At [max(¢;, ,,,0) min(g;_,,0) A vi (43)
Ax P pi - ’ .

2

the spatially second-order accurate schemes of type (C) constructed above preserve
the maximum principle for the mass fraction Y: for all i and n>0, we have

min Y9 < Y7 <max Y?. (4.4)
j

J

Proof. We will assume that ¢}, ,>0, ¢!, ,>0 (the proof is very similar in the
other cases). Using relations (3.11)-(3.12), we have

Y"‘_"-¢1+12 it 1/2,— +)¢11712Y7712,—
Z‘¢x+l/2+’1¢171/2

n piYn l¢1 ’ — n
(p; —/1¢3+1/2)< ;¢12 e )+/1¢!_1/2 Yi i -
— i+ 1/2 . (45)

( A’¢x+l/2 +j’¢171/2 ’

Let a and b be two real numbers such that a<Y;<b for all j Since
Y! |, €la b] from (4.1), it suffices to check that

n+1 _
Yi

YT — /1
P, ¢1+12 ’+‘2"e[a,b]. (4.6)

}’}:
A‘¢1+1/2

Using the definition of Y7, _ and setting X = A(¢;, ,,/p7), we obtain

) X Ax
Y=Y'————5", 4.7
T i-x 2 (47)

and (4.6) holds from (4.1), since 0 < X< 1 from (4.3). |

Remark 12. The preceding proof clearly shows that it is preferable to use
limited slopes for the variable Y and not for pY when the approach (C) is used to
discretize the species equation. Nevertheless, this strategy is almost but not com-
pletely sufficient to guarantee the preservation of the maximum principle for the
mass fractions when a fully second-order accurate scheme (in both space and time)
is used. This question is discussed in the Appendix.

Remark 13. In the case of a mixture of two species 4 and %, the preceding
proof shows that the mass fractions of both species will remain in the interval
[0, 1] when the above spatially second-order accurate method is used; since Y, =
Ye[0,1], then Y,=1— Ye [0, 1]. But additional difficulties arisc when one con-
siders mixtures of N species with N> 2. Applying the above method to species X,
we get (Y,)'e[0,1] for all k&, 1<k<N-—1; but it is no more clear whether
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(Yy)'=1-=3¥-}(Y,)" also is in the interval [0, 1] (this comes from the fact that
the limiters are by their very essence nonlinear). A way to remedy this difficulty is

the following: instead of treating separately the Nth species, one could treat all
P Al oo o aal AL XX A X7 R« [ A4 INNL AR sacd nimenluiion LL_A_7‘

scheme of type (C) for all £, I<k<N (and not N—1). The maximum principle
will be preserved if the slopes are constrained such that

min (Yk)ﬁ—(Yk)?éﬁl(sk)?IS max (Yy)}—(Yi)] (4.8)

lji—il<1 2 i—it<1
(which is equivalent to (4.1)), and

(s¢)7 =0, (4.9)

1

I ™=

k

for all i and n (the last relation imposes that the equality >F_,(Y,)/=1 is
preserved).

4.2. Implicit Time Stepping

Let us now consider the extension to an implicit time stepping. As in the explicit
case, the implicit (C) schemes will be based on the principle that the species equa-
tion is integrated after the Euler equations, using the discrete mass fluxes of the
continuity equation.

Let us therefore consider as given a conservative implicit scheme for the Euler
equations, which we write as

W= (WD ditin—¢i"in

At Ax ’

(4.10)

for /=1,2, 3, where in general ¢;7}} depends on W7, Wi _,, Wit!, Wil the
values (W’)"*! (1 <1< 3) are computed from the values W by solving at each time
step either a nonlinear or a linear discrete problem (see, e.g., [8, 13] for such
implicit versions of the most classical upwind Euler schemes).

Then, we construct an implicit multi-component scheme of type (C) by adding

the following discrete species equation:

(pY)i*' = (pY)} | $1r i) —otm)
— + — =0, (4.11)

where we take

4n+l _ 4ln+1
i+1/2 T ¥i+172

{Y:’“ if gl >0, w2

1+ 1 : I,n+1
Yil if ¢ <0
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Therefore the solution of a linear system is required at each time step to evaluate
the mass fractions Y7+

The next lemma shows that this scheme still has the property (3.10), without any
restriction on the time step.

LEMMA 5. For any value of the time step Ai>0, the scheme (4.10)-(4.12)
preserves the maximum principle for the mass fraction Y: for all i and n =0,

min ¥?< Y <max Y. (4.13)
jo J

Proof. The mass fractions Y7 "' at time level n+ 1 are obtained by solving the
tridiagonal system

i,

7

YA =Y B Y (4.14)
J

where B} ,=p/d,; (3, is the Kronecker delta), and

Al =pi + Amax(4]) ), 0)— Amin(g}" ), 0),

A} = Amin(g}) ), 0), (4.15)
A:'.it]l = —4 max(‘lﬁ}{l;zl, 0).

It is clear from these expressions that the matrix 4 =(4;7") is an M-matrix, ie.,
that

AlT'>0 Y
ATTIS0 Vi), (4.16)
Y A7T '>0 Vi,
j
These properties imply that the matrix 4~' has only positive elements (see, e.g.,

[33]): (4 *l)i,jz 0 for all { and j. Thus, writing C= A4~ 'B (where B= (B7 ), we see
that

C.;20  foralliand} (4.17)

Now denoting U the vector whose components are all equal to 1, we see from
(4.11)—(4.12) and (4.10) written for /=1 that AU = BU, whence CU = U, that is,

YC,,=1 foralli (4.18)
J

Since (4.14) implies that Y;*'=3 C, Y7, (4.18) and (4.19) show that ¥Y7*' is
again a linear convex combination of the old mass fraction values Y7, which ends
the proof. |
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Remark 14. The preceding proof is slightly too vague: we have not taken any
boundary condition into account. In practice, the matrix 4 and the vector U are of
finite size, and one has to check that the discrete maximum principle (4.13) holds
with the actual discrete boundary conditions.

Remark 15. 1In practice, implementing the implicit scheme (4.10)—(4.12) may be
far less simple than implementing the explicit schemes of type (C). Indeed, the
implicit integration of the Euler equations often uses a linearized implicit flux (see,
e.g. [8,13]); that is, the fluxes ¢7}; in (4.10) are given as

il il
A= QWL W)+ (W = WD)+

s W= W), (419)

which leads to solving at each time step a linear system for computing p?*',
(pu)7*', E7*' for all i. Once these values are known, one has to use them to
evaluate the fluxes ¢}f1‘;2‘ given by (4.19) before one can solve the species equation

using the species fluxes (4.12) (see [24] for more details).

Remark 16. In some circumstances, such as for highly subsonic flows, it may be
of interest to integrate explicitly the species equation while treating implicitly the
Euler equations (see [10]). Then, to construct a semi-implicit multi-component
scheme of type (C), we simply replace (4.12) by

dn+1 _ 4lin+1 x {an if ¢114:11721 >0’ (4.20)

i+1/2 — ¥Yi+1/2 : 1, 1
l l if ¢ <0.
This scheme again preserves the maximum principle (4.13) for the mass fraction,

under a CFL-like condition (this condition is obtained by replacing the fluxes ¢,
by ¢""* ! in (3.9)).

Remark 17. Consider again the flow of N species, with N> 2. Then, the matrix
A appearing in the linear system which is to be solved at each time step for
updating the mass fraction values is the same for all species equations; moreover,
A is an M-matrix, which makes it easier to solve the linear systems.

Remark 18. Remark 11 also holds for implicit schemes. When the species equa-
tion has the form (3.16), the maximum principle (3.17) is preserved if the implicit
approach (C) is used in conjunction with classical explicit or implicit approxima-
tions of the diffusive and reactive terms. More precisely, the maximum principle is
preserved under appropriate stability conditions if the diffusive or the reactive term
is integrated explicitly, and it is preserved for any value of the time step if all terms
are treated implicitly. The latter is even true when a complex set of chemical
reactions is considered (the proof of this fact is similar to the one in [14], where
an upwind treatment of a linear convection operator is considered instead of the
present approach (C)).
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4.3. Multi-dimensional Flows

All the above methods which have been presented so far in a one-dimensional
context can be extended to multi-dimensional flows. We simply recall here the basic
features of this extension to two-dimensional geometries; to make the approach
very general, we consider a two-dimensional unstructured triangular mesh (see
Fig. 4), following the ideas of Dervieux and Fezoui (see [8, 12]); but all approaches
(A), (B), and (C) can of course be used on structured quadrilateral finite-volume
meshes.

Let us therefore consider the two-dimensional multi-component Euler equations
W,+F,+G,=0, with

p pu pv
ou pu’+p puv
w=1 pv |, F= puv , G=\| p*+p |} (4.21)
E u(E+ p) v(E+ p)
pY puY pvY
with:
p=(—DIE~ 30’ +v%)], (4.22)

where y is again the local specific heat ratio (1.3) of the mixture.

F1G. 4. The control volume C,.
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Then, we consider a dual partition of the domain in control volumes or cells: a
cell C; is constructed around each vertex S; by means of the medians of the
neighbouring triangles, as shown on Flg 4,

Integrating the system W,+ F_+ G =0 on the control volume C;, we obtain

[ wo+] (Br+6vn=0, (4.23)
Ci aC;
where v, = (v}, v') is the outward unit normal on 0C;. In fact, we rewrite (4.23) as

[[ W+ 3 | (Br+6wn=o, (4.24)
Ci

jex (i Cy

where (i) is the set of neighbouring nodes of §;, and where dC,;=dC;ndC,.
Then, the flux integrals in (4.24) are approximated using a 1D-like procedure, as
explained below:

The fact that the system W,+ F(W) + G( W) =0 is a nonlinear hyperbohc
system of conservation laws means that, for any (a, #) € R?, the matrix a(3F/0W) +
B(0G/aW) has five real eigenvalues,

=ou+ pv—Jou? + e,

Ry= Ay = dg=au+ o, (4.25)
As=au+ fo+ /o> + B¢,

with ¢=./yp/p, and a complete set of real eigenvectors. Thus, we can extend ali
approximations defined in Section 2 for the one-dimensional flux vector F to the
flux vector aF + BG (in other words, we use here the rotational invariance of the
Euler equations). Consider, for instance, the Steger and Warming approximation.
Given two values W, and W, and a vector 1= (7%, n”), we define a numerical flux
function @ by

(W, We,)=(4,), (W) W, +(A4,)_ (Wg) Wy, (4.26)

where 4, is the matrix n*(0F/dW) + 5?(0G/aW); thus, we define the vector v, =
(VU’ v ) by

X x y _ y
vi=[ v o= (4.27)
aCy acy

and we obtain a first-order accurate explicit upwind approximation of (4.24) by
writing
W(z+l _ Wn .
—t—Larea(C))+ Y, QW W” v;)=0. (4.28)
4t jex
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This extension to two space dimensions can of course be used for method (C).
Then, the first four components of @(W,, W;, v;) are evaluated using an “Euler
scheme,” and the fifth component is given by

Y;
Y.

J

if @ (W, W,v,)>0,

y

e 42
it @', W, v,) <0, )

DWW, Wy, v,) = (W, W, v;)x {

It is straightforward to check that this two-dimensional extension of method (C)
still preserves the maximum principle for the mass fraction.

The above multi-dimensionat approach (C) can of course be used when diffusive,

viscous and reactive effects are added to the Euler equations (4.21). We refer to,
e.g., [5, 217 for the details.

5. NUMERICAL RESULTS

Several numerical experiments, involving the first- or second-order accurate
schemes of type (A), (B), and (C) have been done by D.Chargy, R. Abgrall,
L. Fezoui, and the author, and detailed comparisons are presented in [6]. We
simply illustrate here the main features of methods (A), (B), and (C) by showing
one numerical example.

We consider the well-known shock tube of Sod [29], with two different species.
More precisely, we solve the Riemann problem (3.1) with

p.=1,  pr=0.125,
u, =0, Ur=0,

- : (5.1)
pr=1, pr=0.1,

Y,=1, Yg=0,

withy, =14, y,=1.2, and C,, = C,,. We have used 101 equally spaced mesh points
in the interval [ —0.5,0.57], and At is chosen at each time level according to the
classical CFL condition:

At
max(’ui+ci|’ luyl, Wi_ci|)A_x=CFL<1 (5.2)

(we take CFL =0.75).

Figures 5 and 6 show the results obtained at time ¢ =0.21 using the explicit Roe
schemes of types (A), (B), and (C). These results are only first-order accurate: no
particular attention should therefore be paid to the quality of the results for the
Euler variables (density, velocity, and pressure), since no particular care of reducing
the numerical diffusion has been taken. These results can be improved using any of
the now classical devices for nonoscillatory second-order accurate schemes: slope
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limiters, as briefly mentioned above, or TVD or FCT methods (see, e.g., [25, 34]).
The quality of the results given by the Roe, Osher, or Van Leer schemes on the con-
sidered two-component shock tube problem are approximately the same as for the
corresponding single-component shock tube; the only difference concerns the treat-
ment of the contact discontinuity, where all schemes have difficulties in keeping a
constant value for the velocity and pressure (see [1, 6, 227 for an attempt to explain
this difficulty).

The mass fraction profiles are shown on Fig. 5. Clearly the results of methods (B)
and (C) are far superior than those of approach (A), which gives very bad mass
fraction values. Moreover, the computed mass fractions are slightly better with
approach (C) than with approach (B). Notice indeed that values of Y which are
slightly out of the interval [0, 1] appear in case (B), where max, Y7 =1+15x10"°
(the error in this value is small but significant, since the computation has been
made using double-precision real numbers; in other situations, negative values of Y
of the order of 1072 or even 10! appear when schemes of type (B) are used; see
[6, 11]). Therefore, schemes of type (C), which preserve the maximum principle,
actually give more accurate results for the mass fraction.

We should emphasize here that preserving the maximum principle for the mass
fraction Y is far superior than preserving only the positivity of Y. Indeed, approach
(A) preserves the positivity, but gives very poor results. On the other hand,
approach (C) preserves the maximum principle.

Beside this, it appears on Fig. 6 that the results obtained in cases (B) and (C) for
the hydrodynamical variables p, u, p are almost indistinguishable.

One could think that the schemes of type (C) are more expensive that the corre-
sponding schemes of type (B), since applying method (C) consists in applying
method (B) and then modifying the species mass fluxes using (3.8). But this is not
the case, because only the first three components of the numerical flux ¢ have to
be evaluated before one uses (3.8); in practice, the cost of method (C) is slightly
smaller than the cost of method (B) (3 or 5% for an explicit calculation).

6. CONCLUSIONS

We have examined why the approximate Riemann solvers of Roe and Osher do
DBl ke e AXimum_ nrincinle for_the_mass fractions_when_annlied_to the
computation of multi-component flows, and proposed a modification of these
schemes, based on some property of the exact solution of the multi-component

Riemann problem.

The basic idea behind this new approach is simple: when the same discrete mass
fluxes are used to approximate the convective fluxes of the continuity equation and
of all mass fraction equations, the resulting scheme preserves the maximum
principle (and in particular the positivity) for all mass fractions.

This advantage may reveal many very useful applications (see the results in
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[6,24]), and in particular for reactive flows where the nonlinear chemical source
terms precisely involve the mass fractions and where the appearance of negative
mass fractions very often leads to nonlinear numerical instabilities.

APPENDIX

As already said in Remark 12, we examine in this Appendix the extension of
approach (C) to fully second-order accurate (in both space and time) schemes.

In comparison with Section 4.1, the temporal second-order accuracy will now be
obtained by evaluating the fluxes at the half time step n+ 5 (see, e.g., [12,31]).
Thus, the integration from time ¢” to "' is done using the five successive steps
described below (steps (a) and (b) are the same as in Section 4.1):

(a) At each time step, starting from the values W7, one first evaluate slopes
s7 for all variables which are chosen to be piecewise linear. Again, we take here Y
(and not pY) as a piecewise linear variable.

(b) Slope limiters are then used in order to avoid the creation of new
extrema; in particular, (4.1) still holds:

A
min ¥} < Y7+ SIS max Y (A1)

i
—i<l V-t ?

(c) The limited slopes are used to evaluate cell-interface values W7, , .,
and the solution is advanced in time over a half time step using a centered
predictor, setting:

A
Wit P =Wy =S TFW, 1 )= W 1)) (A-2)

(d) Next, we again use the same slopes s” to evaluate cell interface values
W7,/ . at the half time step (in particular, we set Y77 '2 = Y7'+'2 4 (4x/2) s7).
(e) Lastly, we complete the time step by evaluating W7 * !, using the upwind

numerical flux function @,

W?H—W?+¢?++11/22—¢?f11/22=0 (A3)
At Ax ’ '

where:

172 __ 1/2 172
¢l =Wl Wit L) (A4)

Let us use this construction (a)-(e) with a numerical flux function of type (C),
that is with the fourth component #* of the flux evaluated using (3.8), and examine
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whether the maximum principle is preserved for the mass fraction under the
following CFL-like condition (which now replaces (4.3)):

At [max(g}/ 1%, 0)  min(gl .72 0) 1. .
= ” — . <= Vi (A.5)
Ax pi Pivi 2

We will assume that ¢;7)>>0 and ¢",)*>0. Then, we have ¢7/,"* =

¢l Yr Y3, and we obtain

n a2 ln+1/2y v Ln+172yn+1/2
(p; =29, VY +Ag,; " 1Y

yrtli= (A.6)
i Ln+ 172 Ton+1/2 >
(p7 —4 Y )+ 4 i
Where wWE now have set
nyn 2aln+172yn+1/2
)’}zpiYi_'t¢i+12 Yilis - (A.7)

Pt
i Wi+ 1/
Let again @ and b be two real numbers such that a < Y7 <b for all j; we have to
examine if both values Y7 "7 and Y are in the interval [a, b].

Let us introduce some notations. We set

¢!,n+l/2
Xivip=4 e l,,z ) (A.8)
and
Z,-H/z:l(—py)"—:lb, fol/zzﬂ-wi;,,l/z’—*—- (A.9)
pl' pi
Then, we obtain
p?+l/2:p7_%p?(zi+l/2—zi~— 12k (A.10)

pit ]/2Y7+ 2= piY;— %P?(ZH e Yiiis —Zioan RPN ), (A.11)
and it is easy to check that

Ax ZivipntZ,_1p

Y;,+1/2: Y;’——S? s (A.IZ)
4 1_%(ZI'+1/2_ZI'71/2)
Ax 1-Z,
Y?+I/Z=Y?+_S;7|: i+ 1/2 :|’ (A13)
+172, 2 1=HZis1p—Zi 1)

Y= Yy—ﬁsr[ 11—2,.“/2 ]( Xis 12 ) (A.14)
2 1_5(Zi+1/2_Zi71/2) I—Xi+1/2

We know from (A.5) and our assumptions on the sign of ¢;/)/* that
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0<X,, <5 Thus the term in parentheses in (A.14) is in the interval [0, 1]. If,
moreover, we also have

0<Z;,,,<% forallj, (A.15)

then it is easy to conclude from (A.13), (A.14), and (A.1) that the term in brackets
in (A.13)-(A.14) also is in the interval [0,1], whence Y7} e[a, b] and
Y €[4, b]. But these conclusions do not hold any longerif Z, ,+2Z, ,,<0 (the
term in brackets in (A.13)-(A.14) then exceeds 1). Of course, since we have

assumed that ¢/ ">>0 and ¢;";)}”>>0, the quantities Z,,,, and Z, ,, are

likely to be positive. Therefore, we can only conclude (but this conclusion is
confirmed by the numerical experiments; see [6]) that this second-order accurate
scheme preserves in general the maximum principle for the mass fraction.
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